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UNIQUE REPRESENTATION DOMAINS, II 

said el baghdadi, stefania gabelli, and muhammad zafrullah 

Introduction 



Let R be an integral domain. Two elements x,y (^ R are said to have a greatest common divisor 
(for short a GCD) if there exists an element d a R such that d \ x,y (or dR 3 xR, yR) and for all 
r ^ R dividing x, y (or rR ^ xR, yR) we have r | d (or rR ^ dR). A GCD of two elements x, y, if 

^ , it exists, is unique up to a unit and will be denoted by GCD(x,y). Following Kaplansky [271 page 

"^ ' 32], in part, we say that i? is a GCD domain if any two nonzero elements of R have a GCD. For a 

,J^ ■ more detailed treatment of greatest common divisors the reader is referred to [27^ page 32]. 

C^ \ Of course if d is a GCD of x,y then x = xid and y = yid where GCD(xi,yi) = 1. Here 

GCD(xi,yi) = 1 signifies the fact that every common factor of xi,yi is a unit (i.e. if tR ^ xii?, 
yiR then t is a unit). Now a PID R is slightly more refined than a GCD domain in that for every 
pair of nonzero ideals ai?, hR, we have a unique ideal dR with aR + bR = dR where d is a GCD of 
^ ' a,b; a = aid, b = bid and aiR + biR = R. So dR can be regarded as the GCD of aR, bR. Note 

•/^ I that in our PID example the principal ideals aR, bR are invertible and that a Priifer domain is a 

domain in which every nonzero finitely generated ideal is invertible. If we regard, for every pair of 

^y^ . invertible ideals A and i? of a Priifer domain R, the invertible ideal C = ^ + i? as the GCD of A 

and B we find that C D A,B. Hence, R D AC'^ = Ai,BC-^ = Bi and so A = AiC,B = BiC 

^) • where Ai + Bi = R. Thus, in a Priifer domain each pair of invertible ideals has the GCD of sorts. 

QO . Now in GCD domains various types of unique factorization have been studied, see for instance Dan 

Anderson's recent survey [T]. The aim of this note is to bring to light similar unique factorizations 
of those ideals that behave like invertible ideals of Priifer domains. 

k> , It was shown in [35] that in a GCD domain R a principal ideal xR has finitely many minimal 

;h ' primes if and only if xR can be uniquely expressed as a product xR = {xiR){x2R) ■ ■ ■ (xnR) where 

each of XiR has a unique minimal prime and Xj are coprime in pairs. A GCD domain in which 
every proper principal ideal has finitely many minimal primes was called a unique representation 
domain (URD) and a nonzero principal ideal with a unique minimal prime ideal was called a packet 
in [35]. Following the terminology of [35] an invertible integral ideal / in a Priifer domain will be 
called a packet if / has a unique minimal prime and a Priifer domain R a URD if every proper 
invertible ideal of R is uniquely expressible as a product of mutually comaximal packets. One aim 
of this note is to show that if X is an invertible ideal in a Priifer domain such that the set Min( A) of 
minimal primes of X is finite then X is expressible (uniquely) as a product of mutually comaximal 
packets. This may be used to describe the factorization of invertible ideals of Priifer domains in 
which every invertible ideal has at most a finite number of minimal primes. This class includes the 
Priifer domains of finite character and the so called generalized Dedekind domains. Our immediate 
plan is to give a more general definition of URD's, start with a notion that generalizes both Priifer 
and GCD domains, prove analogues of results on URD's for this generalization and show that 
results on GCD and Priifer domains follow from this. The domains that generalize both GCD 
and Priifer domains are called Priifer u- multiplication domains (PVMD's) by some and i-Priifer 
or pseudo Priifer by others. Once that is done we shall look into generalizations of this kind of 
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unique factorization of ideals. This will make the presentation a bit repetitive but in the presence 
of motivation the reader will find the paper more readable. 

Before we indicate our plan it seems pertinent to provide a working introduction to the notions 
that we shall use in this paper. 

Let R be an integral domain with quotient field K and F{R) the set of nonzero fractional ideals 
of R. A star operation * on i? is a map F{R) — > F{R), I >-^ I* , such that the following conditions 
hold for each ^ a & K and for each I,J(^ F{R): 

(i) R* = R and (al)* = aP; 
(ii) / C /*, and / C J ^ /* C J*- 
(iii) /** = /*. 

For standard material about star operations, see Sections 32 and 34 of [21]. For our purposes we 
note the following. 

Given two ideals /, J G F{R) we have (U)* = {I* J)* = {I* J*)* (*-multiphcation) and we have 
(/ + J)* = {I* + J)* = (/* + J*)* (*-addition). 

A nonzero fractional ideal / is a *-ideal if / = /* and it is *-finite (or of finite type) if /* = J* for 
some finitely generated ideal J G F{R). A star operation * is of finite type if /* = Ul^^* '■ J ^ I 
and J is finitely generated}, for each / G F{R). To each star operation *, we can associate a star 
operation of finite type */, defined by I*-f = \J{J* : J ^ I and J is finitely generated}, for each 
/ G F{R). If / is a finitely generated ideal then /* = I*f . 

Several star operations can be defined on R. The trivial example of a star operation is the identity 
operation, called the d-operation, I^ = I for each / G F(R). Two nontrivial star operations 
which have been intensively studied in the literature are the f-operation and the t -operation. 
Recall that the z;-closure of an ideal / G F[R) is I^ = {I~^)~^, where for any J G F[R) we set 
J^^ = [R: J) = {x £ K : xJ Q i?}. A u-ideal is also called a divisorial ideal. The t -operation 
is the star operation of finite type associated to v. Thus I = It ii and only if, for every finite 
set xi, . . . ,Xn G /we have (xi, . . . ,Xn)t ^ /. If {Ra} is a family of overrings of R such that 
R Q Ra Q K and R = CiRa, then, for all I G F(R), the association I h^ I* = DlRa is a star 
operation "induced" by {Ra}- 

If *i and *2 are two star operations defined on R we say that *2 is coarser than *i (notation 
*i < *2) if, for ah / G F{R) we have I*^ C /*2. If >^,^ < >k2 then for each / G F{R) we have 
^j*i^*2 _ ^j*2^*i — j*2^ 'pj^g f-operation is the coarsest of all star operations on R and the 
t-operation is coarsest among star operations of finite type. 

A *-prime is a prime ideal which is also a *-ideal and a ^-maximal ideal is a *-ideal maximal in 
the set of proper integral *-ideals of R. We denote by *-Spec(i?) (respectively, *-Max(i2)) the set of 
*-prime (respectively, *-maximal) ideals of R. If * is a star operation of finite type, by Zorn's lemma 
each *-ideal is contained in a *-maximal ideal, which is prime. In this case, R = nMe*-Max(i?) ^^i- 
We say that R has *-finite character if each nonzero element of R is contained in at most finitely 
many ^-maximal ideals. 

The star operation induced by {-RM}Met-Max(R)) denoted by w, was introduced by Wang and 
McCasland in [M]. The star operation induced by {Rm} m e* -Ma.x{R) i denoted by *^, was studied 
by Anderson and Cook in [3], where it was shown that *«, < * and that *w is of finite type. 

When * is of finite type, a minimal prime of a *-ideal is a *-prime. In particular, any minimal 
prime over a nonzero principal ideal is a *-prime for any star operation * of finite type [23]. An 
height-one prime ideal, being minimal over a principal ideal, is a t-ideal. We say that R has 
t-dimension one if each i-prime ideal has height one. 

For any star operation *, the set of fractional *-ideals is a semigroup under the ^-multiplication 
(/, J) 1-^ (I J)*, with unity R. An ideal / G F(R) is called *-invertible if /* is invertible with respect 
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to the *-multiplication, i.e., (//~^)* = R. If * is a star operation of finite type, then a *-invertible 
ideal is *-finite. For concepts related to star invertibility and the t(;-operation the readers may 
consult [39] and if need arises references there. For our purposes we note that for a finite type star 
operation *, R is a Priifer *-niultiplication domain (for short a P*MD) if every nonzero finitely 
generated ideal of R is *-invertible. A PtMD is denoted by PVMD for historical reasons. 

Finally two *-ideals /, J are *-comaximal if (I + J)* = R. If * is of finite type, /, J are *- 
comaximal if and only if / + J is not contained in any *-maximal ideal. We note that the following 
statement can be easily proved for * of finite character. If {la} is a finite family of pairwise *- 
comaximal ideals, then (fl-^a)* = (11 -^a)*- In fact we have (fl-^o)*"' = nA/G*-Max{ij)(n-^Q)^J\/ = 
nMe*-Max(_R)(n-^a)-^M — (Yl'^a)*'^, where the second equality holds because at most one /„ sur- 
vives in Rm- Now the result follows from the fact that * is coarser than *^. 

For a finite type star operation *, we call a *-invertible *-ideal I C i? a *-packet if / has a unique 
minimal prime ideal and we call R a *-URD if every proper *-invertible *-ideal of R can be uniquely 
expressed as a *-product of finitely many mutually *-comaximal *-packets. When * = t, a *-packet 
will be called a packet and the *-URD will be called a URD. 

In the first section we show that if i? is a PVMD and / a t-invertible i-ideal then / has finitely 
many minimal primes if and only if / is expressible as a f-product of finitely many packets, if and 
only if / is expressible as a (finite) product of mutually t-comaximal packets. We also show that 
a PVMD i? is a URD if and only if every proper principal ideal of R has finitely many minimal 
primes. The results in this section are a translation of results proved in [35], establishing yet again 
the folklore observation that most of the multiplicative results proved for GCD domains can be 
proved for PVMD's. 

In Section 2, for a finite type star operation * we prove that a domain i? is a *-URD if and 
only if *-Spec(i?) is treed and every proper principal ideal of R has finitely many minimal prime 
ideals. Thus Section 2 serves to isolate the main conditions that allowed unique representation in 
PVMD's. On the other hand the generality of * lets us prove, in one go, results about URD's and 
about d-URD's which, incidentally, were the main topic in 0. 

Finally, in Section 3, we study methods of making new URD's from given ones. We show that 
if i? is a URD and 5 is a multiplicative set of R then Rs is a URD. Our main result here is the 
characterization of when a polynomial ring is a URD. We close the section by studying under what 
conditions we can construct URD's using the D + XL'5'[X] construction. 

1. From GCD-domains to PVMD's 

Let Rhea PVMD. liX,Y Q R are t-invertible i-ideals and A = {X+Y)t, then A is a i-invertible 
i-ideal, A ^ X,Y and Xi = {XA~^)t, Yi = (yA"^)^ C R are t-comaximal t-invertible t-ideals; 
thus, as in the case of Priifer domains, we can say that A is the GCD oi X,Y. So we can carry out 
the plans for PVMD's that we made, in the introduction, with the class of Priifer domains as our 
model. We intend to prove in this section the following two basic theorems involving packets. 

Theorem 1.1. Let R be a PVMD and X C R a t-invertible t-ideal. If X is a t-product of a finite 
number of packets then X can be uniquely expressed as a t-product of a finite number of mutually 
t-comaximal packets. 

Theorem 1.2. Let R be a PVMD and X '^ R a t-invertible t-ideal. Then X is a t-product of 
finitely many packets if and only if X has finitely many minimal primes. 

In a GCD (respectively, Priifer) domain a t-invertible t-ideal is principal (respectively, invertible) 
and the t-product is just the ordinary product. Indeed it may be noted that a domain R can have 
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all t-invertible t-ideals as t-products of packets without R being a PVMD as we shall point out in 
the course of our study. 

From this point on we shall use the v and t operations freely. The results of this section are 
based on the following observations that, if reference or proof is not indicated, can be traced back 
to Mott and Zafrullah |29] or to Griffin [22l. 



(I) A nonzero prime ideal P of a PVMD R is essential (i. e., Rp is a valuation domain) if and 

only if P is a t-ideal. 
(II) The set of prime t-ideals of a PVMD R is a tree under inclusion, that is any t-maximal 
ideal of R cannot contain two incomparable i-primes. 

(III) If X is a t-invertible t-ideal and P is a prime t-ideal of a PVMD R then XRp is principal. 
[XRp is an invertible ideal [7] and in a valuation domain invertible ideals are principal.) 

(IV) If X = {XiX2)t then in view of the definition of t -multiplication we shall assume that both 
Xi are t-ideals. 

Let us start with some lemmas on packets in a PVMD. 

Lemma 1.3. Let R he a PVMD and let X,Y (^ R be t-invertible t-ideals such that A = {X + Y)t 7^ 
R. Then the following conditions hold: 

(1) If P is a prime ideal minimal over A then P is minimal over X or Y . 

(2) If P is a prime ideal minimal over X such that y C P then P is minimal over A. 

(3) If X and Y are packets then so are A and {XY)t. 

Proof. (1). Note that being minimal over A, P is a t-ideal. Clearly X,Y (^ P. So P contains 
a prime ideal Pi that is minimal over X and P2 that is minimal over Y. By (II), Pi and P2 
are comparable being minimal primes themselves. Say P2 5 Pi. Then both X,Y C P2. Thus 
A = {X + Y)t C P2. But P is minimal over A. So, P = P2 and hence P is minimal over Y. 
Similarly if Pi had contained P2 we would have concluded that P was minimal over X. 

(2). Since P ^ X,Y we conclude that P 5 {X + Y)t = A. So, if P is not minimal over A then 
P contains a prime Q that is minimal over A. Again as Q ^ A = (X + Y)t, Q contains a prime 
minimal over X. But Q is contained in P. 

(3). Let Pi 7^ P2 be two minimal primes over A. By (1), Pj is minimal over X or over Y. 
Assume that Pi is (the unique) minimal prime over X, then P2 is the minimal prime over Y. But 
Y '^ Pi, then P2 ^ Pi, which contradicts the minimality of Pi over A. A similar argument applies 
if P2 is the minimal prime over X. For {XY)t, assume that Pi and P2 are minimal primes over 
(XY)t, then Pj is minimal over X or over Y. We can assume that Pi is the minimal prime over X. 
Then P2 is the minimal prime over Y. On the other hand, since A = {X, Y)t ^ R is a packet, the 
unique minimal prime over A is Pi or P2 (by (1)), this forces Pi C P2 or P2 ^ Pi. In either case 
minimality of both forces Pi = P2. D 

Lemma 1.4. Let R be a PVMD and let P be a prime ideal minimal over a t-invertible t-ideal 
X. Then for all t-invertible t-ideals Y contained in P there exists a natural number n such that 

XRp 2 y"Pp. 

Proof. Note that P is a prime t-ideal in a PVMD and so Rp is a valuation domain and XRp, YRp 
are principal. Now suppose on the contrary that XRp C Y^Rp for all natural numbers n. Then 
XRp C Pl^ Y^Rp and Pl„ Y^Rp is a prime ideal properly contained in PRp and this contradicts 
the minimality of P over X. Now since in a valuation domain every pair of ideals is comparable 
we have the result. D 
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Lemma 1.5. Let R he a PVMD and let Xi,X2 (^ R be t-invertible t-ideals. Let Wi be the set of 
t-maximal ideals containing Xi, for i = 1,2. If W2 ^ Wi and X2 is not contained in any minimal 
prime of Xi, then Xi C (X^)^, for all natural numbers n. 

Consequently if X, Y are two packets with {X + Y)t 7^ R such that rad(X) 2 i'ad(y) then 
{^"')t 2 Y , for all natural numbers n. 

Proof. Clearly for every t-maxinial ideal P in Wi (and hence for every t-maximal ideal P) we have 
XiRp C X2RP for each n because X2 is not contained in the minimal prime of XiRp. Thus for 
each n, f]pXiRp C f]pX2Rp or {Xi)w C (Xg")^. Since in a PVMD for every nonzero ideal I 
we have I^ = It \26\ Theorem 3.5], and since Xi is a t- ideal, we conclude that for each n we have 
Xi C {X^)t. 

The proof of the consequently part follows from the fact that every i-maximal ideal that contains 
X contains rad(X) and hence Y. On the other hand, a t-maximal ideal that contains Y may or 
may not contain X and X has only one minimal prime ideal which properly contains the minimal 
prime ideal of y. D 

Lemma 1.6. Let R be a PVMD and let X '^ R be a t-invertible t-ideal. Then the following 
conditions are equivalent: 

(i) X is a packet; 
(ii) for every t- factorization X = {XiX2)t, Xi D (^|)t or X2 5 (-'^i)*- 

Proof, (i) ^ (ii). Let Q be the unique minimal prime of X and let X = {XiX2)t- Indeed we 
can assume Xi £ Invt(-R). If either oi Xi = R (ii) holds, so let us assume that both Xi are 
proper. If either of the Xi is not contained in Q the result follows from Lemma 11.51 If both are 
contained in Q then, because Q is a t-ideal, A = {Xi + X2)t 'Z Q- As described above we can 
write Xi = (YiA)t and X2 = {Y2A)t where Yi G Invt(i?) such that {Yi + Y2)t = R- Now Yi,Y2 
being t-comaximal cannot share a prime t-ideal. If li ^ Q then by Lemma 11.51 A C (y")i for all 
n and so A^ C (y")^ A C Xi, for any n. Combining with X| C A^ and applying the t-operation 
we conclude that (X|)t C Xi. Same arguments apply if y2 ^ Q- 

(ii) => (i). Suppose that X satisfies (ii) and let, by way of contradiction, P and Q be two distinct 
prime ideals minimal over X. Now P and Q are prime t-ideals and so both Rp and Rq are valuation 
domains. Let y € P\Q. Then A = {X + yR)t ^ P and A <^ Q. By Lemma 11.41 there exists n 
such that A"i?p C XRp and consequently (A")t ^ X. Consider K = (X + A"-)t. We can write 
X = iAK)t and (A")t = {BK)t where A,B e Invt(ii) and {A + B)t = R; thus A and B cannot 
share a minimal t-prime ideal. Since A" ^ Q and since K D A" we conclude that K '^ Q. But 
since X = {AK)t C Q we conclude that ACQ- Next, we claim that A (^ P. For ii A C P then 
since {A + B)t = R, B <^ P and BKRp = A"i?p D AKRp = XRp. This contradicts the fact that 
A"i?p C XRp. Thus we have X = {AK)t with 

(a) K C P and K <^ Q and 

(b) ^ C Q and A ^ P 

Now by (ii) X = {AK)t where A D {K'^)t or K ^ {A^)t. If ^ 2 {K'^)t then as ^ C Q we have 
K (^ Q which contradicts (a). Next if K ^ {A'^)t then since K (^ P we have A (^ P and this 
contradicts (b). Of course these contradictions arise from the assumption that X satisfying (ii) can 
have more than one minimal prime. D 

Lemma 1.7. Let A and B be two ideals of a domain R. Then the following statements hold: 

(1) // {A + B)t = R and At ^ [XB)t for some nonzero ideal X, then At ^ Xt. 

(2) IfB = B1B2 then {A + B)t = R if and only if {A + Bi)t = R for i = 1, 2. 
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(3) If R is a PVMD and X is a packet such that X = {XiX2)t, with {Xi + X2)t = R, then 
{Xi)t = Ror {X2)t = R. 

Proof. (1). Note that At ^ At + iXA)t 5 {XB)t + iXA)t. Applying the t-operation At 2 
{{XB)t + iXA)t)t = {XB + XA)t = {X{A + B))t = Xf 

(2). Suppose that {A + Si^s)* = R- Then R = [A + BiB2)t <^ {A + Bi)t Q R ioi i = 1,2. 
Conversely if {A+Bi)t = R for i = 1, 2 then {A+BiB2)t = {A+ABi+BiB2)t = {A+Bi{A+B2))t = 
{A + Bi)t. 

(3). We note that {Xi)t D (X|)t or (Xa)* 5 {Xf)t (Lemma [LSD. If (^i)t ^ (^l)t then 
{Xi)t = {Xi + Xi)t = Rhy (2) because (Xi + Xs)* = R. D 

Lemma 1.8. Let R be a PVMD and let X, 1^,1^2 (^ R be t-invertible t-ideals. If X ^ (lil2)t then 
X = (XiX2)t where Xi^Yi. 

Proof Let Xi = (X + Yi)t. Then X = (ylXi)t and Yi = {BXi)t where {A + B)t = R. Now 
(^Xi)t 2 {BXiY2)t. Multiplying both sides by Xf ^ and applying t we get A = (^XiXf ^)t 5 
{BXiX{^Y2)t = {BY2)f Now A D {BY2)t and (^ + 5)* = R and so by LemmaO^ 5 >"2- Setting 
^ = X2 gives the result. D 

The above result is new in principle but not in spirit. Let us recall that a domain i? is a pre- 
Schreier domain if for 0,61,62 S R\ {0}, a \ 6162 implies that a = 0102 where ai \ bi for each 
i = 1, 2 [37j . Pre-Schreier generalizes the notion of a Schreier domain introduced by Cohn [9] as a 
generalization of a GCD domain. In simple terms, a Schreier domain is an integrally closed pre- 
Schreier domain. In |12j . a domain R was called quasi-Schreier if, for invertible ideals X, li, I2 ^ R^ 
X 2 Y1Y2 implies that X = X1X2 where Xj ^ YJ. It was shown in [T2] that a Priifer domain is 
quasi-Schreier, a result which can also be derived from Lemma ll.Sl by noting that a Priifer domain 
is a PVMD in which every nonzero ideal is a i-ideal. One may tend to define a domain R as 
i-quasi-Schreier if, for t-invertible t-ideals X, 11,12 ^ R^ X D (lil2)t implies that X = (XiX2)t 
where Xj 3 Yi, but this does not seem to be a place for studying this concept. 

Proof of Theorem\r^ Let i? be a PVMD and let X £ i? such that X = (X1X2 . . . X„)t, where 
Xj are packets. By (3) of Lemma [l.3l the product of two non t-comaximal packets is again a packet. 
So with a repeated use of (3) of Lemma fLSl we can reduce the above expression to X = (I1I2 • ■ ■ Yr)t 
where {Yi + Yj)t = Rioii^ j. Now let X' be a packet such that X' D X = (Yiy2 ■ • • ^r)t- Then by 
LemmallHl X' = {UV)t where Ut 2 l^i and Vt ^ {Y2 . . . i;)j. This gives Ut + Vt ^Yi + {Y2 . . . Yr)t. 
Applying the t-operation, using the fact that (Yi + Yj)t = R for i ^ j and using Lemma 11.71 we 
conclude that one of Ut, Vt is R. If Vt = R then X' D li and X' does not contain any of the other 
Yi. If Ut = R then X' ^ (I2 • • • Yr)t and using the above procedure we can in the end conclude 
that X' contains precisely one of the Yi. So if X has another expression X = {B1B2 ■ ■ . Bs)t where 
Bi are packets such that {Bi + Bj)t = R for i ^ j then by the above procedure each of Xj contains 
precisely one of the Bj and Bj contains precisely one of the X^. But then i = k. For if not then 
Xj 5 Xfc so Xj = (Xj + Xfc)t = R which is impossible. Thus r = s and each Xj is equal to precisely 
one of the Bj . 

Proof of Theorem \ 1.21 Let i? be a PVMD and let X G Invt(-R) such that X is a finite product 
of packets. Then by Theorem 11.11 X can be uniquely expressed as a finite product of mutually 
t-comaximal packets. That X has only finitely many minimal primes follows from the fact that 
any minimal prime over X is minimal over some packet in its factorization. 

We prove the converse by induction on the number of minimal primes of X € Invt(-R). If X has 
a single minimal prime ideal then X is a packet and we have nothing to prove. Suppose that if X 
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has k — 1 minimal primes then X is expressible as a product of A; — 1 mutually t-comaximal packets. 
Now suppose that Pi, P2, ■ ■ ■ ,Pk are all the minimal primes of X. Choose y £ Pi\{P2UP3U- ■ -UPk). 
By Lemma 11.41 there exists a natural number n such that XRp^ ^ U^^Pi- Let A = {y^R + X)t 
with X = (AXi)t and y'^R = {AYi)t where (Xi + Yi)t = R and Xi,Yi G Invt(P). Noting 
that in -Rp^, AfRp^ = ARp-^ is principal if ^ is t -invertible, we convert XRp^ ^ 2/"-^Pi ii^to 
AXi i?p-^ 2 AYii?p^ which reduces to XiRp^ ^ ^iRpi- Now since (Xi + Yi)t = R, Xi,Yi cannot 
both be in Pi. Moreover XiRp-^ ^ ^i-^Pi ensures that Xi ^ Pi, otherwise Xi and Yi would be 
in Pi, and again the strict inclusion implies that Yi must be in Pi. From these considerations 
we have that X = {XiA)t where Xi ^ Pi, so A C Pi and because A 2 y"P we conclude that 
A ^ P2 U P3 U • • • U Pfc. As X = (XiA)t C P2 n • • • n Pfe we have Xi C P2, . . . , P^. 

If (A + Xi)t = R then, since X = (XiA)t, the set of minimal primes of X is partitioned into 
two sets: ones minimal over A and ones minimal over Xi. Since Xi C P2,...,Pk we conclude 
that Xi has P2, . . . , P^ for minimal primes and this leaves us with A with a single minimal prime. 
Consequently A is a packet and Xi is a i-product of A; — 1 mutually t-comaximal packets, by 
induction hypothesis. So the theorem is proved in this case. 

Next, let U = {A + Xi)t / R with A = (AqC/)* and Xi = {XoU)t and note that {Xo + Ao)t = R. 
Since Xi ^ Pi, U '^ Pi and since A is not contained in any of P2, P3, . . . , P^ because A ^ y"P we 
conclude that L'^ ^ P2, P3, . . . , P^. Consequently U ^ Pi, P2, P3, . . . , P^. But since Xi = {XQU)t is 
contained in each of P2, P3, . . . , Pfc we conclude that Xq C P2 n P3 n • • • n P^. Similarly Aq C Pi. 
We note here that since Pi is a minimal prime of X and since X C Aq Q Pi, Pi must be a minimal 
prime of Aq. Now we establish that Pi is indeed the unique minimal prime of Aq. For this assume 
that there is a prime ideal Q that contains Aq. Then as Q ^ Aq 1^ X, Q must contain one of 
Pi, P2, P3, . . . , Pfc. But since [Xq + Ao)t = R and Xq C P2 n P3 n • • • n Pfc we conclude that Aq 
is not contained in any of P2 , P3 , . . . , Pfc . Thus Q ^ Pi . Thus Pi is the unique minimal prime of 
Ao and Aq is a packet. Thus we have X = {XiA)t = {XoUAoU)t = (XqC/^Ao)*. Now {U^)t 2 X 
= (XoJ7^Ao)j and C/^ is not contained in any minimal prime of X, so by Lemma ll.5|, X C {U'^^)t 
for each natural n. As U is t-invertible (XqAq)* C {U'^)t- By Lemma [L8l (C/^)t = (f/i^2)t where 
Xq C {Ui)t and Aq C {U2)t- As {Xq + Ao)i = P we conclude that {Ui + U2)t = R- Indeed 
(Ui + U2)t = (f/i + Xo + Ao + U2)t = {Ui + (Xo, Ao)t + U2)t = R- Thus X = (XoC/i^JaAo)* where 
(XqC/i + C/2Ao)t = R, Pi contains, and is minimal over, (f^2Ao)t and P2, ■ ■ ■ ,Pk are minimal over 
(XoC/i)t. It is easy to see that ([/2Ao)t is a packet and that by the induction hypothesis (XoC/i)j 
is a t-product of A; — 1 mutually t-comaximal packets. This establishes the Theorem. 

We are now in a position to characterize PVMD URD's. 

Theorem 1.9. A PVMD R is a URD if and only if every nonzero principal ideal of R has at most 
finitely many minimal primes. 

Proof. If P is a URD then obviously every proper principal ideal of R has finitely many minimal 
primes. Conversely, suppose that P is a PVMD such that every proper principal ideal of R has 
finitely many minimal primes and let, by way of a contradiction, I be a t-invertible t-ideal such that 
/ has infinitely many minimal primes. Since / is a t-invertible t-ideal there exist xi,X2, . . . ,Xn & I 
such that / = (xi, X2, . . . , x„)j. By Lemma ll.3| each minimal prime of / is a minimal prime of xiR 
or a minimal prime of (x2, . . . ,Xn)t- Since xiR has only finitely many minimal primes we conclude 
that {x2, . . . ,Xn)t has infinitely many minimal primes. Using Lemma 11.31 and the above procedure 
we can eliminate in turn X2, . . . ,Xn-2 and this leaves us with the conclusion that {xn-i,Xn)t has 
infinitely many minimal primes. But then Xn-iR has infinitely many minimal primes or XnR does 
and this, in either case, contradicts the assumption that every proper principal ideal of R has 
finitely many minimal primes. We conclude by applying Theorem 11.21 D 
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PVMD's of t-finite character were studied by Griffin [23] under the name of rings of Krull type. 
Since the i-prime ideals of a PVMD form a tree, in a ring of Krull type every nonzero principal 
ideal has at most finitely many minimal primes. Thus we have the following corollary. 

Corollary 1.10. A ring of Krull type is a URD. 

Indeed, as a GCD-domain is a PVMD such that every t-invertible t-ideal is principal, we recover 
the characterization of GCD URD's given in 



Corollary 1.11. A GCD domain R is a URD if and only if every proper principal ideal of R is a 
finite product of packets. 

Using [35] we can also see how some other generalizations of UFD's can be considered as special 
cases of PVMD URD's. 

2. General Approach 

The notion of unique representation of a t-invertible t-ideal X <^ R as a t-product of packets 
developed in Section [1] is somewhat limited in that it deals with t-invertible t-ideals which have 
a unique minimal prime ideal. To bring more integral domains under the umbrella of unique 
representation one may need to concentrate on the properties of packets. We have the following 
thoughts on this. 

(1). We can replace in the definition of a packet "i-invertible t -ideal" with "*-invertible *-ideal", 
for a star operation * of finite type, thus getting the notion of *-packet (a *-invertible *-ideal with 
a unique minimal prime ideal), as we have already defined in the introduction. Since, for * of finite 
type, every *-invertible *-ideal is t-invertible, when we define a *-URD in the usual fashion as a 
domain in which every *-invertible *-ideal X <^ R is expressible uniquely as a *-product of finitely 
many mutually *-comaximal *-packets, we get a URD albeit of a special kind. We can settle for 
the fact that a *-URD has two special cases: a URD and a d-URD. In a d-URD every invertible 
ideal is a product of finitely many (invertible) packets and we may note that our results will show 
that a URD is not necessarily a d-URD. It would be interesting to find a star operation * of finite 
type, different from d and t, and a URD that is a *-URD. 

(2). The other choice depends upon another property of packets: a packet X is such that if 
X = {XiX2)t where Xi,X2 are proper t-ideals then (Xi + X2)t 7^ R- More generally, we can take 
a star operation * of finite type and call an ideal X (^ R *-pseudo irreducible if X is a *-ideal such 
that X = {X1X2)* and {Xi + X2)* = R imphes that (Xi)* = R or {X2)* = R. This wiU allow 
us to develop the theory of factorization of *-ideals on the same lines as the Unique Comaximal 
Factorization domains of Swan and McAdam [Hill]- In this paper, however, we shall pursue the 
*-URD's. 

Given a star operation * of finite type, we start by giving conditions for which a proper *- 
ideal X of a domain R (not necessarily a PVMD) can be written as a *-product in the form 
X = (X1X2 . . .Xn)*, where each Xi is a *-ideal with prime radical and the Xj's are pairwise *- 
comaximal *-ideals. In the case * = d, this question was investigated in [8]. Our first result shows 
that if such a factorization exists, then it is unique (up to order). 

Lemma 2.1. Let R be an integral domain and * a star operation on R. Let X and {Yi}^^^ be 
nonzero ideals of R such that {X + Yi)* = R for each i. Then {X + ]Xi=i ^)* = R- 

Proof. We give a proof in the case n = 2; the general case follows by induction. Assume that 
{X + YiY = {X + Y2)* =R. Wehavei?= (X + Fi)* = {X + Yi{X + Y2)*)* = {X + Yi{X + Y2))* = 
{X + YiX + ^1^2)* = {X + YiY2y, as desired. D 
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Lemma 2.2. Let R he an integral domain and * a star operation on R. Let X and Y he two 
nonzero ideals of R such that {X + Y)* = R. If X* 2 (ZY)* , for some nonzero ideal Z , then 
X* D Z*. 

Proof If X* D (ZY)*, we have X* ^ X* + (ZY)* D {ZX)* + (ZY)*. Applying the *-operation, 
X* D {{ZXy + (ZY)*)* = {ZX + ZY)* = {Z{X + Y))* = Z* . D 

Theorem 2.3. Let R he an integral domain and * a star operation of finite type on R. Let X <^ R 

he a *-ideal and suppose that X has a *-factorization of the form X = (X1X2 . . . Xn)* , where each 
Xi is a *-ideal with prime radical and the Xi 's are pairwise *-comaximal *-ideals. Then, up to 
order, such a *- factorization is unique. 

Proof. Let X = (X1X2 . . . X^)* = {Yi^'i • ■ ■ ^m)* be two ^-factorizations of X as in the hypotheses. 
Let Pi, P2) • • • ) -fn be the prime ideals minimal over Xi, X2, . . . , X„, respectively. Then, up to order, 
Yi, 12, • • • 1 Ym must have the same associated minimal primes. Hence m = n. We can assume that 
rad(5^) = Pi for each i = 1, . . . , n. Since the Pj's are *-ideals, then {Xi + Yj)* = R for i 7^ j. For a 
fixed i, set Zi = Uj^i^j- We have {Xi + Zi)* = R (LemmaEU and Xi ^ X = {YiZi)*. Hence by 
Lemma l2.2( Xi^Yi. Similarly, Xj C 5^. Hence Xi = Yi, for each i. D 

We next investigate the decomposition of *-ideals into *-comaximal *-ideals. Recall that * -Spec(i?) 
is treed if any two incomparable *-primes are *-comaximal. 

Proposition 2.4. Let R he a domain and let * he a star operation of finite type on R. If * -Spec{R) 
is treed, the following conditions are equivalent for a *-ideal I ^ R: 
(i) / has finitely many minimal primes; 

(ii) / = {Q1Q2 ■ ■ ■ Qn)* , where the Qi 's are *-ideals with prime radical; 

(iii) / = {Q1Q2 ■ ■ ■ Qn)* , where the Qi 's are pairwise *-comaximal *-ideals with prime radical. 
Under any of these conditions, if I is *-invertihle, the Qi's are ^-packets. 

Proof, (i) =^ (iii). Let Pi,P2, . . . ,Pn be the prime ideals minimal over /. Since *-Spec(i?) is treed, 
{Pi + Pj)* = P for i / j. Thus, by Lemma EH {Pi + H^yj Pj)* = R for each i. Denote by Ai a 
finitely generated ideal of R such that Ai C HiVi Pj ^"^^ (Pi "I" ^«)* = P- For each i, consider the 
ideal transform of Ai, Ti = Un>o(-^ • ^D- Since Ai is finitely generated, the set Ti of the ideals 
J C. R such that A^ Q J for some n is a localizing system of finite type on R (for the definitions, 
see [19]). Moreover, we have Ti = Rj^^. Hence the map E 1-^ E*'- = Ejr. on the set of nonzero 
i?-submodules of K defines a semistar operation of finite type on R [19^ Propositions 2.4 and 3.2], 
which induces a star operation of finite type on Tj {Tp = Ti), here still denoted by *j. For more 
details on the concept of semistar operation, see [30] . 

Set Ii = Ijr^ n R. We claim that rad(/j) = Pi] in fact rad(/;F, ) = {Pi)ri- To see this, first note 
that /jT; 7^ Ti] otherwise, A" C / for some n >1, which is impossible since {A^ + Pi)* = R- Let 
V Q Ti he a, minimal prime of /jp^ = {ITi)*\ Then T' is a *j-ideal and V f) R contains a minimal 
prime Pj of /. We have {m)*^ C {PjTi)*^ = {Pj)jr. C (P n Rf- C V- = V. But for all i / j, 
Ai C Pj and so {Pj):Fi = Ti- Hence Pi is the unique minimal prime of / contained in V D R and it 
follows that V = {Pi)j^.. Hence rad(/i) = Pi. Also rad(/j*) = Pi, since Pi is a *-ideal. 

We next show that / = {Q1Q2 ■ ■ ■ Qn)*, where Qi = I*. For this, since the ideals Ii,l2 . . . ,In 
are pairwise *-comaximal (by the *-comaximality of their radicals), it is enough to show that 
I = {hnhn ■■■ n in)*. Let M e *-Max{R). If / C M, then Pi Q M for some i. But since 
{Pi + Ai)* = R, Ai(^ M and so Ir, ^ IRm. Hence / C /^ n /2 n • • • n /„ C /jr^ n /jr^ n • • • n /jr„ C 
riMe*-Max(i?),/cM ^Pm = I (since / is a *-ideal). It follows that / = (/i n /2 n • • • n /„)*. 

(iii) =^ (ii) is clear. 
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(ii) => (i). If / = {Q1Q2 ■ ■ ■ Qn)* 1 a prime minimal over / must be minimal over one of the Qj's. 
Hence / has finitely many minimal primes. 

To finish, it is enough to observe that if I is *-invertible, the Qi^s are also *-invertible. D 

Proposition 2.5. Let R be a domain and let * be a star operation of finite type on R. Assume 
that each nonzero principal ideal X <^ R can be written in the form X = (X1X2 . . . Xn)* , where the 
Xi's are pairwise *-comaximal *-packets. Then *-Spec(i?) is treed. 

Proof. We proceed as in the case of * = d established in [HI Theorem 1]. Assume that P and P' 
are two incomparable *-primes contained in the same *-maximal ideal M. Let x G P \ P' and 
y G P' \P. Write xyR = (X1X2 . . . X„)*, where the X[s are pairwise *-comaximal *-packets. 
Hence M contains only one of the X'^s, say Xi. On the other hand, xyR C P n P' C M; hence 
Xi C P n P'. Since Xi has prime radical, then either x or y belongs to P n P', a contradiction. It 
follows that *-Spec(P) is treed. D 

The following theorem was proven for * = d in [HI Theorem 2]. 

Theorem 2.6. Let R be a domain and let * be a star operation of finite type on R. The following 
conditions are equivalent: 

(i) *-Spec(P) is treed and each proper *-ideal of R has finitely many minimal primes; 
(ii) Each proper *-ideal I can be (uniquely) written in the form I = {Q1Q2 ■ ■ ■ Qn)* , where the 
Qi 's are pairwise *-comaximal ^-ideals with prime radical. 
Under any of these conditions, R is a *-URD. 

Proof. If condition (ii) holds, *-Spec(P) is treed by Proposition l2.5i Then we can apply Proposition 
[23] and Theorem [231 D 



If * -Spec(P) is treed and R has *-finite character, then each *-ideal I (^ R has only finitely many 
minimal primes. Thus the following corollary is immediate: 

Corollary 2.7. Let R be a domain and let * be a star operation of finite type on R such that 
*-Spec(P) is treed and R has ^-finite character. Then each *-ideal L ^ R can be (uniquely) written 
in the form L = {Q1Q2 ■ ■ -Qn)* , where the Qi's are pairwise *-comaximal *-ideals with prime 
radical. 

In particular R is a *-URD. 

Since the t-Spectrum of a PVMD is treed, we also have the following generalization of Theorem 
01 



Theorem 2.8. Let R be a PVMD. The following conditions are equivalent for a t-ideal I ^ R: 
(i) / has finitely many minimal primes; 
(ii) / = {Q1Q2 ■ ■ ■ Qn)t, where the Qi 's are pairwise t-comaximal t-ideals with prime radical. 

We now give a complete characterization of *-URD's. 

Lemma 2.9. Let R be an integral domain and * a star operation on R. Let X = (X1X2 . . . Xn)* 
and Y = (11^2 • • • Ym)* b^ *-factorizations of the *-ideals X and Y into *-ideals of R such that 
{Xi + Xj)* = (y, + Y,)* = Rfori^ j. Then {X + Y)* = {Ui,j>iiXi + Y^))* . 

Proof Let X, Yi, Y2 be ideals of R such that {Yi + Y2)* = R. Then {X + YiY2y = {{X + Yi){X + 
Y2))*. In fact we have (X + Yi){X + Y2) = X^ + XiYi + Y2) + Y1Y2. Hence {{X + Yi){X + Y2))* = 

{{x^y + {x{Yi + Y2)y + (11^2)*)* = {{x^y + x* + {YiY2yy = {x + YiY2y. 

The proof now follows by double induction. D 
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Lemraa 2.10. Let R be an integral domain and * a star operation of finite type on R such that 
*-Spec(i2) is treed. Let I = {aiR + 02 i? + . . . + OnR)* be a *-finite *-ideal and let P be a prime 
ideal such that P ^ I. Then P is minimal over I if and only if P is minimal over some aiR. 

Proof. Assume that P is a minimal (*-)prime of /. Let Pi, P2) • • • > -fn be a set of minimal primes 
of oi, 02, ... , a„, respectively, such that Pi ^ P for each i. Since *-Spec(P) is treed, the set {Pj}j 
is a finite chain. Up to order, we may assume that P„ is the maximal element of this chain. Then 
I Q Pn '!^ P, and hence P = Pn- Thus P is a minimal prime over a,„P. The converse is clear. D 

Theorem 2.11. Let R be an integral domain and * a star operation of finite type on R. Then the 
following conditions are equivalent: 

(i) R is a*-URD; 
(ii) Each *-ideal of finite type X (^ R can be (uniquely) written in the form X = (X1X2 . . . Xn)* , 

where each Xi is a *-ideal with prime radical and the Xi 's are pairwise *-comaximal *-ideals; 
(iii) Each nonzero principal ideal X ^ R can be (uniquely) written in the form X = (X1X2 . . . Xn)* , 

where the Xi 's are pairwise *-comaximal * -packets; 
(iv) *-Spec(P) is treed and each *-ideal of finite type X <^ R has only finitely many minimal 

primes; 
(v) *-Spec(P) is treed and each *-invertible *-ideal X <^ R has only finitely many minimal 

primes; 
(vi) *-Spec(P) is treed and each nonzero principal ideal X (^ R has only finitely many minimal 

primes. 

Proof. The implications (ii) ^ (i) =^ (iii) and (iv) ^ (v) =^ (vi) are clear. 

(iii) => (vi). By Proposition 12.51 *-Spec(P) is treed. Then, by Proposition 12.41 each nonzero 
principal ideal X has finitely many minimal primes. 

(vi) => (iv) follows from Lemma 12.101 

(vi) ^ (iii). The factorization follows from Proposition 12.41 and the uniqueness follows from 
Theorem 12.31 

(iii) =^ (ii). We restrict ourselves to the case where X = {aR + bR)*; the general case follows 
by induction on the number of generators of X as a *-finite *-ideal. Let aR = [A1A2 . . . An)* 
and bR = {B1B2 . . . Bm)* be the *-factorizations into *-ideals as in (iii). By Lemma 12.91 X = 
{\[ij>i{Ai + Bj)*)*. If {Ai + Bj)* / R for some i,j, then rad(^i) C rad{Bj) or iad{Bj) C rad(^i) 
(since, by (iii)=>(vi), *-Spec(P) is treed), and hence rad((j4j + Pj)*) = rad(Ai) Vrad(Pj) is a prime 
ideal. To conclude, we show that the *-ideals Xij = (Ai + Bj)* are pairwise *-comaximal. Let i,j, k 
and I such that {Xij + X^^)* 7^ R. Since *-Spec(P) is treed, the minimal primes over Ai,Bj,Ak 
and Bi, respectively, form a chain, this forces that i = k and j = I. □ 

In the case * = d, the equivalence (iii) 44> (vi) of Theorem 12.111 was proved in [8l Theorem 1] , 
without uniqueness consideration. When * = t, we get a complete characterization of URD's. 

Corollary 2.12. Let R be an integral domain. Then the following conditions are equivalent: 

(i) R is a URD; 
(ii) Each t-ideal of finite type X (^ R can be (uniquely) written in the form X = (X1X2 . . . Xn)t, 

where each Xi is a t-ideal with prime radical and the Xi 's are pairwise t-comaximal t-ideals; 
(iii) Each nonzero principal ideal X ^ R can be (uniquely) written in the form X = (X1X2 . . . Xn)t, 

where the Xi 's are pairwise t-comaximal packets; 
(iv) t-Spec(P) is treed and each t-ideal of finite type X (^ R has only finitely many minimal 

primes; 
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(v) t-Spec(i?) is treed and each t-invertible t-ideal X <^ R has only finitely many minimal 

primes; 
(vi) t -Spec(i?) is treed and each nonzero principal ideal X <^ R has only finitely many minimal 
primes. 

Remark 2.13. (1). For a star operation * of finite type, when the *-class group is zero (that is 
each *-invertible *-ideal is principal) a *-URD behaves hke a GCD URD, i.e. every proper principal 
ideal is (uniquely) expressible as a product of finitely many t-coniaximal principal ideals with a 
unique minimal prime. Thus a UFD is a GCD URD. However a UFD is not always a d-URD, since 
its spectrum need not be treed (just take Z[X]). 

(2). By using the characterizations of *-URD's given in Theorem 12.111 we get that, for any 
domain i?, t-Spec(i?) is treed if and only if t(;-Spec(i?) is treed. 

For this, recall that u;-Max(i2) = i-Max(i?) and that, if M is a t-maximal ideal, all the primes 
contained in M are w-primes [3l]. Now, assume that t-Spec(i?) is treed and let M G t-Max(i?). 
Then t-Spec(i?A/) is linearly ordered, because any t-prime of Rm contracts to a t-prime of R 
contained in M. Hence each principal ideal of Rm has a unique minimal (t-)prime and so is a 
d-packet. It follows that Rm is trivially a d-URD and in particular, Spec(i?M) is treed. Hence 
ti)-Spec(i?) is treed. Conversely, since i-ideals are w-ideals, if tt; -Spec(i?) is treed, also t-Spec(i?) 
is treed. 

We now show that a *-URD R whose *-packets are *-powers of *-prime ideals is indeed a Krull 
domain. For * = d this implies that i? is a Dedekind domain [H Theorem 9]. 

Theorem 2.14. Let R he an integral domain and * a star operation of finite type on R. Then the 
following conditions are equivalent: 

(i) R is a *-URD and each *-packet is a *-po'wer of a *-prime ideal; 
(ii) R is a Krull domain and * = t. 

Proof (i) ^ (ii). We first show that Risa P*MD (cf. [IT]). Let P G *-Spec{R) and let / x G P 



*- 



with xR = {P"^P2^ . . . P!^^)* . Then, there exists i such that Pi C P. The ideal Pj, being a 
invertible *-prime, is a *-maximal ideal. Thus P = Pi. Hence each *-prime is *-maximal. It follows 
that each M G *-Max{R) has height one. Also, since M is *-invertible, MRm is a principal ideal. 
Hence Rm is a rank-one discrete valuation domain. Thus i? is a P*MD. 

By [171 Proposition 3.4], i? is a PVMD and * = t. In particular, i? is a URD of t-dimension one. 
Then R = f]{RM', M G t-Max{R)} has f-finite character. Whence i? is a Krull domain. 

(ii) =^ (i) is well known. D 

The conditions of Theorem 12.61 are not equivalent to R being a *-URD. In fact in the authors 
give an example of a Priifer URD having an ideal (not finitely generated) with infinitely many 
minimal primes. However we now show that such an example cannot be found among domains 
*-independent of *-finite character. 

Given a star operation of finite type * on a domain R, as in [6], we say that R is *-independent 
if, for every pair M, N of distinct *-maximal ideals, M n N does not contain a nonzero (*-)prime 
ideal, equivalently each *-prime is contained in a unique *-maximal ideal. Domains ^-independent 
of *-finite character are called h-\oca\ domains for * = d and weakly Matlis domains for * = t. 

A domain R is *-independent of *-finite character if and only if, for each nonzero nonunit x a R, 
the ideal xR is expressible as a product (/1/2 ■ • • In)* , where the /'s are pairwise *-comaximal *- 
ideals (not necessarily packets) [U Proposition 2.7]. Thus weakly Matlis domains do have a kind 
of factorization as a t-product of mutually t-comaximal ideals. 
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Theorem 2.15. Let R he an integral domain and let * he a star operation of finite type on R. 
Assume that each *-prime ideal is contained in a unique ^-maximal ideal. The following conditions 
are equivalent: 

(i) *-Spec(i?) is treed and R has *-finite character; 
(ii) R is a*-URD; 

(iii) Each *-ideal I ^ R is uniquely expressihle as a product I = {Q1Q2 ■ ■ ■ Qn)* , where the Qi 's 
are pairwise *-comaximal *-ideals with prime radical. 

Proof, (i) <^ (ii) Since each *-prime ideal is contained in a unique ^-maximal ideal, the *-finite 
character property is equivalent to the condition that each nonzero principal ideal has at most 
finitely many minimal primes. Hence we can apply Theorem 12.111 

(i) =^ (iii) is Corollary [2771 

(iii) ^ (ii) is clear. D 

Corollary 2.16. Let * he a star operation of finite type on R and assume that R is ^-independent 
of *- finite character. Then R is a *-URD if and only if*-Spec{R) is treed. 

Ln particular a weakly Matlis domain R is a URD if and only if t-Spec{R) is treed. 

We shall give an example of a weakly Matlis domain that is not a URD in the next section 
(Example [32]) • 

If R has t-dimension one, then clearly R is i-independent and t-Spec{R) is treed. If R has 
t-dimension one and i-finite character, then R is called a weakly Krull domain. The following 
corollary follows also from [5l Theorem 3.1]. 

Corollary 2.17. Let R he a domain of t-dimension one. The following conditions are equivalent: 
(i) R is a URD; 
(ii) Each t-ideal I (^ R is expressible as a product I = {Q1Q2 ■ ■ ■Qn)t, where the Qi's are 

pairwise t-comaximal t-ideals with prime radical; 
(iii) R is a weakly Krull domain. 

From Corollarv 12.171 we see that examples of URD's are abundant in the form of weakly Krull 
domains as rings of algebraic integers of finite extensions of the field of rational numbers or as 
extensions Ki + XK2[X] where Ki C K2 is an extension of fields. 

The following proposition is an improvement of Corollary 11.101 

Proposition 2.18. Let R he a ring of Krull type. Then each proper t-ideal I of R can he uniquely 
written in the form I = {Q1Q2 ■ ■ ■ Qnjt, where the Qi 's are pairwise t-comaximal ideals with prime 
radical. In particular R is a URD. 

Proof. Follows from Corollarv 12.71 D 

From Theorem 12.151 we also get: 

Proposition 2.19. Let R he a PVMD such that each t-prime ideal is contained in a unique t- 
maximal ideal. The following conditions are equivalent: 

(i) R is a ring of Krull type; 
(ii) R is a weakly Matlis domain; 
(ih) Ris a URD; 
(iv) For each nonzero nonunit x G R, the ideal xR is uniquely expressihle as a product (/1/2 . . . In)t 

where the I'-s are pairwise t-comaximal ideals; 
(v) Each t-ideal I ^ R is uniquely expressihle as a product {Q1Q2 ■ ■ ■ Qn)t, where the Qi 's are 
pairwise t-comaximal ideals with prime radical. 
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Recall that a domain R is an almost KruU domain if Rf^j is a DVR for each t-maximal ideal M. 
Thus a Krull domain is precisely an almost Krull domain with t-finite character. 

Corollary 2.20. An almost Krull domain is a URD if and only if it is a Krull domain. 

We end this section with a discussion of factorization of t-ideals in generalized Krull domains. 

We recall that a Priifer domain R is called strongly discrete if each nonzero prime ideal P of iZ is 
not idempotent and that a generalized Dedekind domain is a strongly discrete Priifer domain such 
that every nonzero principal ideal of R has at most finitely many minimal primes [32]. The first 
author gave a generalization of these domains introducing the class of generalized Krull domains. A 
generalized Krull domain is defined as a PVMD R such that (-P^)t ^ P, for every prime t-ideal P of 
R, i. e., i? is a strongly discrete PVMD, and every nonzero principal ideal of R has at most finitely 
many minimal primes [131 [T^ . Here it may be noted that this generalized Krull domain is quite 
different from the generalized Krull domain of Ribenboim [33] and a generalized Dedekind domain 
of Popescu [32] is quite different from what the third author called a generalized Dedekind domain 
in [36]. Incidentally these later domains were also studied under the name of pseudo Dedekind 
domains by Anderson and Kang in [3]. 

Since a generalized Krull domain is a PVMD such that each t-ideal has at most finitely many 
minimal primes [13^ Theorem 3.9], from Theorem 12.81 we immediately get: 

Proposition 2.21. If R is a generalized Krull domain, then each t-ideal I <^ R is uniquely express- 
ible as a product I = {Q1Q2 ■ ■ ■ Qn)t, where the Qi 's are pairwise t-comaximal ideals with prime 
radical. 

By the previous proposition, we see that a generalized Krull domain is a URD. As a matter of 
fact, taking into account Theorem 11.91 we have the following characterization. 

Proposition 2.22. A PVMD R is a generalized Krull domain if and only if R is a URD and 
{P'^)t 7^ P, for each nonzero prime t-ideal P of R. 

For generalized Dedekind domains, Proposition 12.211 was proved with different methods by the 
second author of this paper and N. Popescu in [201 Proposition 2.4]. They also showed that a 
nonzero ideal / of a generalized Dedekind domain is divisorial if and only if / = J Pi . . . Pn, where 
J is a fractional invertible ideal and Pi, . . . , P„ (n > 1) are pairwise comaximal prime ideals |20t 
Proposition 3.2]. This result was sharpened by B. Olberding, who proved that P is a generalized 
Dedekind domain whose ideals are all divisorial, equivalently an /i-local strongly discrete Priifer 
domain ^5\ Corollary 3.6], if and only if each ideal / of P is a product of finitely generated and 
prime ideals [311 Theorem 2.3]. Passing through the t-Nagata ring, we now extend Olberding's 
result to generalized Krull domains. A first step in this direction was already done by the first 
author, who proved that, for each nonzero ideal / of a generalized Krull domain, / is divisorial if 
and only if / = ( JPi . . . Pn)t, where J C P is a finitely generated ideal and Pi, . . . , P„ (n > 1) are 
pairwise t-comaximal t-prime ideals [141 Theorem 3.4]. 

As in [26], we set A^(t) = {h £ R[X] \ h j^ and c{h)t = P}, where c(/i) denotes the content of 
h, and call the domain R{X) := P[X]^(^) the t-Nagata ring of P. B. G. Kang proved that P is a 
Pi;MD if and only if R{X) is a Priifer (indeed a Bezout) domain [26^ Theorem 3.7]. In this case, 
the map If 1— > IR{X) is a lattice isomorphism between the lattice of t-ideals of P and the lattice of 
ideals of R{X), whose inverse is the map J 1— s- J n P, and P is a t-prime (respectively, t-maximal) 
ideal of P if and only if PR{X) is a prime (respectively, maximal) ideal of R{X) [261 Theorem 3.4]. 
We recall that a domain is called lu-divisorial if each w-ideal is divisorial [15]. Each u;-divisorial 
domain is a weakly Matlis domain |151 Theorem 1.5] and a tf-divisorial generalized Krull domain 
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is precisely a weakly Matlis domain that is a strongly discrete PVMD |151 Theorem 3.5]. We also 
recall that, when R is a PVMD, w = t^ Theorem 3.1]. 

Theorem 2.23. Let R he a domain. The following conditions are equivalent: 

(i) R is a w-divisorial generalized Krull domain; 
(ii) For each nonzero ideal I '^ R, 1^, = {JPi . . .Pn)w, where J (^ R is finitely generated and 

Pi, . . . ,Pn (n > 1) are pairwise t-comaximal t-prime ideals; 
(iii) For each nonzero ideal I (^ R, 1^ = (Ji . . . JmPi ■ ■ ■ Pn)w, where Ji, . . . , Jm are mutually 
t-comaximal packets and Pi,. . . ,Pn (n > 1) are pairwise t-comaximal t-prime ideals. 

Proof, (i) ^ (ii) and (iii). Since 1^ is divisorial and w = t, (ii) follows from [141 Theorem 3.4]. The 
statement (iii) follows from (ii) and Proposition 12.21] 

(iii) =^ (ii) is clear. 

(ii) =^ (i). Assume that the factorization holds. If Af € t-Max{R), then each nonzero proper ideal 
of Rm is of type IRm-, for some ideal I of R. Let I' = IRm H R, by (ii), I'^ = {J Pi . . . Pn)w, where 
J C i? is finitely generated and Pi, . . . ,Pn {n > 1 ) are pairwise t-comaximal t-prime ideals. Then 
IRm = I'Rm = iJRM){PiRM) ■ ■ ■ {PuRm)- We claim that there is an i such that PiRm t^ Rm- 
Otherwise, IRm = JRm, and hence J ^ I' = JRm n R, so Jw, ^ /^ = [JPi . . .Pn)w ^ Jw 
Hence J^ = {J Pi . ..Pn)w Let N G t-Max(i?) such that Pi C N, then JRn = JPiRn, which 
is impossible by the Nakayama lemma. Hence IRm is a product of a finitely generated ideal and 
prime ideals. Thus Rm is a strongly discrete valuation domain by |31t Theorem 2.3]. It follows 
that i? is a strongly discrete PVMD. 

To show that R is weakly Matlis, it is enough to show that the t-Nagata ring R{X) is /i-local |16t 
Theorem 2.12]. But, since P is a PVMD, each nonzero ideal of R{X) is of type IR{X) = ItR{X) = 
IyjR{X) for some ideal I oi R [26^ Theorem 3.14]. Hence each nonzero ideal of R{X) is a product 
of a finitely generated ideal and prime ideals. Again from [3H Theorem 2.3] it follows that R{X) 
is /i-local. D 

3. Extensions and Examples of URD's 

In this section we shall discuss ways of constructing examples of URD's. In addition to showing 
that a ring of fractions of a URD is again a URD we identify the conditions under which a polynomial 
ring over a URD is again a URD. Using these two main tools we then delve into the polynomial 
ring construction D'^'^^ = D + XDs[X]. We show that if D and Ds[X] are URD's then D'^^^ is a 
URD if and only if t-Spec(D'^^) is treed. This indeed leads to several interesting results. 

Since polynomial ring constructions are our main concern here we start off with a study of 
polynomial rings over URD's. We recall from [23] and [25] that, for each nonzero ideal / of a 
domain D, we have that It[X] = I[X]t is a t- ideal of D[X] and that the contraction to D of a 
t- ideal of D[X] which is not an upper to zero is a t-ideal oi D. In addition, each extended t- 
maximal ideal of D[X] is of type M[X], with M E t-Max(L>). Note that f{X) € M[X] if and 
only if c{f)t C M, where c(/) denotes the content of f{X), that is the ideal of D generated by the 
coefficients oi f{X). 

Proposition 3.1. Let D he a domain and X an indeterminate over D. 

(1) IfD[X] is a URD, then D is a URD. 

(2) If D is a URD, then D[X] is a URD if and only i/t-Spec(i:>[X]) is treed. 

Proof. (1). This follows easily from Corollarv 12.121 (i) <^ (vi) and the fact that, for each P S 
t-Spec(L»), P[X] is a t-ideal of D[X]. 
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(2). By Corollary [2321 (i) ^ (vi), we have only to show that if D is a URD and t-Spec{D[X]) 
is treed, then each nonzero polynomial f{X) G D[X] has at most finitely many minimal primes. 

If f{X) € D[X] is contained in the upper to zero p{X)K[X] D D[X] of D[X], then p{X) divides 
f{X) in i^[X]. Thus f{X) is contained in at most finitely many uppers to zero. 

Assume that f{X) has a minimal prime P such that P n D 7^ (0) and let A^ be a t-maximal 
ideal of D[X] containing P. Then N = M[X], with M € i-Max(i:») and c(/)j € M, in particular 
c{f)t ^D. Let Q C M be a minimal prime of c(/)t. We have /(X) € c{f)t[X] C Q[X] and Q[X] is 
a i-ideal of P'[A]. Then P C Q[X] (since t-Spec{D[X]) is treed) and P is the only minimal prime 
of f{X) contained in (5[A]. But, since D is a URD, c(/)j has only finitely many minimal primes 
(Corollarv l2.12p . We conclude that f{X) has finitely many minimal primes. D 

Example 3.2. An explicit example of a URD D such that D[X] is not a URD is given by -D = 
Q + TM[T]/rp\, where Q is the algebraic closure of the rational field Q in the real field M and T 
is an indeterminate over M. Note that D is quasilocal and one dimensional with maximal ideal 
M = TM[r](T). The quotient field of P* is if = R{T) and the t-maximal ideal M[X] of D[X] 
contains the uppers to zero P„ = (A - u)K[X] D D[X], for ah -u e M \ Q. Indeed, let u e M \ Q. 
Since D is integrally closed, by [211 Corollary 34.9], P„ = (A - u)(P» : P* + uD)[X]. Clearly, 
{D : D + uD) is a proper t-ideal of P and M C (P : P + uD), and hence M = (P : P + uD). Thus 
Pu = (A — n)M[A] C M[A], as desired. Now, since uppers to zero are height one i-prime ideals, 
we conclude that i-Spec(P[A]) is not treed. 

We note that both P and D[X] are weakly Maths domains. In fact, if a domain P has a unique 
t-maximal ideal M, then D[X] is a weakly Matlis domain. Indeed, a t-prime of D[X] is either 
a height one t-maximal upper to zero or it is contained in Af [A]. In addition, since a nonzero 
polynomial is contained in at most finitely many uppers to zero, P[A] has t-finite character. 

The previous example can be generalized in the sense of the following result. We are thankful 
to David Dobbs for providing Proposition 13.31 to the third author. Evan Houston also helped. 

Proposition 3.3. [D. Dobbs] Let D be a quasilocal domain with maximal ideal M and X an 
indeterminate over P. // the integral closure of D is not a Prilfer domain, then M[X\ contains 
infinitely many uppers to zero. 

Proof. Let K be the quotient field of P. By |1H Theorem], there exists an element u € K such 
that P C D[u] does not satisfy incomparability (INC). On the other hand, for each positive 
integer n, notice that P[n"] C D[u] is integral and hence satisfies INC. As the composite of INC 
extensions is an INC extension, it follows that P C P[u"] does not satisfy INC. Since u is not 
integral over P (because integral implies INC), u is not a root of unity, and so the elements u"" 
are all distinct, for n > 1. Thus, there are infinitely many elements x £ K (the various u"') such 
that P C D[x] does not satisfy INC. Equivalently, there are infinitely many x € K such that 
Ix '■= ker(P[A] — > P[a;]) C M[X]. Each such Ix is an upper to zero (by the First Isomorphism 
Theorem). Moreover, distinct x always lead to distinct Ix. Indeed, if x and y are distinct nonzero 
elements of K, then Ix and ly are distinct, since if y = a/b for some nonzero elements a and b of 
P, we have bX — a in ly but not in Ix. □ 

Dobbs' result allows us to characterize unique representation polynomial rings. 

We recall that a domain P is called a UMT-domain if each upper to zero P of P [X] is a t-maximal 
ideal [25]; this is equivalent to say that Dp has Priifer integral closure for each P € t-Spec(P) [T8| 
Theorem 1.5]. A PVMD is precisely an integrally closed UMT-domain [25^ Proposition 3.2]. The 
UMT-property is preserved by polynomial extensions |18t Theorem 2.4]. 
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Theorem 3.4. Let D be a domain and X an indeterminate over D. The following conditions are 
equivalent: 

(i) D[X] is a URD; 
(ii) D is a UMT- domain and a URD. 

Proof, (i) =^ (ii). Assume that D[X] is a URD and let P £ t-Spec(D). We claim that Dp has 
Priifer integral closure. Deny, by Proposition 13.31 the ideal PDp[X] in Z)p[X] contains infinitely 
many uppers to zero, say {Qa}- For each a, set Pa = Qaf^D[X]. Then the Pq,'s are distinct uppers 
to zero of D[X] contained in i-'[^], which is impossible since t-Spec{D[X]) is treed. It follows that 
D is a UMT-domain. The second assertion follows from Proposition 13.11 

(ii) =^ (i). Assume that D is a URD. By Proposition [3TT1 we have only to show that t-Spec{D[X]) 
is treed. Since D is a UMT-domain, uppers to zero of D are t-maximal ideals of height one. Also, 
if Q is a prime t-ideal of D[X] with Q D = q ^ (0), then Q = q[X] (cf. proof of Theorem 3.1 in 
[25]). Since q does not contain any two incomparable prime i-ideals, Q does not contain any two 
incomparable prime t-ideals. D 

Corollary 3.5. Let D be a domain and X an indeterminate over D. D is a PVMD and a URD 
if and only if D[X] is a PVMD and a URD. 

To give more examples of URD's, we will consider domains of the form D^ ' = D + XDs[X], 
where S" is a multiplicative set of D, in particular of the form D + XiiTfX], where K is the quotient 
field of D |10j . It was shown in [351 Proposition 7] that if D is a GCD domain and S" is a 
multiplicative set such that D^ ' is a GCD domain, then D^ ' is a URD if and only if D is a URD. 
It is not clear how the D^^> construction will fare in the general case; however the case when D^'^' 
is a PVMD appears to be somewhat straightforward. 

Let us call a domain R a pre-Krull domain if every nonzero principal ideal of R has at most 
finitely many minimal primes. So iZ is a URD if and only if R is pre-Krull and t -Spec(i?) is treed 
(Corollary En]). 

Lemma 3.6. Let R be an integral domain and S a multiplicative set of R. 

(1) If R is pre-Krull then Rs is pre-Krull. 

(2) If R is a URD then Rs is a URD. 

Proof. (1). A nonzero principal ideal of Rs can be written as xRs, where x E -R\{0} and xROS = 0. 
If <5 is a minimal prime of xRs, then Q R is a minimal prime of xR. 

(2). By part (1) and Corollarv 12.121 it is enough to show that t-Spec{Rs) is treed. Note that if 
M is a prime t-ideal in Rs then M n i? is a prime t-ideal in R [391 page 436] . Now any two prime 
t-ideals P and Q of Rs contained in M are comparable because PCiR and QCiR are comparable. D 

Next we investigate other examples of URD's using the D -1- XDs[X] construction. 

Lemma 3.7. Let D be a domain, S a multiplicative subset of D and X an indeterminate over D. 
Let I be an ideal of D^"^) such that / n S" / 0. Then I = .JD^^'^ = J + XDs[X] for some ideal J of 
D with JnS^d). Moreover, It = Jt + XDs[X] . 

Proof Since / n 5 / 0, we have XDs[X] C /, hence I = J + XDs[X] = JD^'^) for some ideal J of 

D with J n 5 / 0. 

For the second statement, we first show that if A is a finitely generated ideal of D such that AoS ^ 
0, then {AD^^\, = A„D^^\ By [381 Lemma 3.1], {AD^^^)-^ = A-^D^^'^l so AL'(^)(AD(^))-i C 
D'^^\ and hence A^D'^^'^ C {AD^^'^)^. For the reverse inclusion, let / = oq + Xg{X) G (AD(^))„. 
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Then /(AL>('^))-i C D^'^), that is, fA-^D^^^ C D^^h In particular, aoA~^ C D. So ao e A-- Thus 
/ G A^ + XD5[X] = A„D^^\ Hence (^L'(^))^ = A^D'-^I 

Next, note that if F is a nonzero finitely generated subideal of / = J + XDs[X] such that 
F n S" = then for any s G J n 5 we have F^ C {F, s)^ = {A + XDs[X])y = A^ + XDs[X] = 
A„D^^\ for some finitely generated ideal ^ C J of D. So It = {JD^^^)t = \J{{AD^^^)y; A C 
J finitely generated and^ n S" 7^ 0} = [J{AyD^^^; A C J finitely generated and^ n 5 7^ 0} = 
JtD^^^ = Jt + XDs[X]. a 

Theorem 3.8. Let D be a domain, S a multiplicative subset of D and X an indeterminate over 
D. Then D^^' = D + XDs[X] is a pre-Krull domain if and only if D and Ds[X] are pre-Krull 
domains. 

Proof. Suppose that D and Ds[X] are pre-Krull domains. Note that each prime ideal of D^ ' 
comes from either of the following disjoint sets of primes: C = {P G Spec(L''^) : P fl /S 7^ 0} and 
M = {P e Spec(L>(^)) : P n 5 = 0}. Now let f(X) G D^^\ f{X) / 0. Then f{X) = oq + Xg{X) 
where g{X) G -Ds[^] and ao G D. We have two cases: (i) ao 7^ and (ii) ao = 0. 

(i) Assume that ao 7^ and let P be a prime ideal minimal over f{X). (a) Suppose first that 
P ^ C. We claim that P = p + XDs[X], where p is a prime minimal over oq. This is because 
P n 5 7^ and so P = p + XDs[X] (Lemma [331) and in addition Xg{X) G XDs{X], which leaves 
ao G p. If p is not minimal over ao-D and say g C p is, then q + XDs[X] would contain f{X) and be 
properly contained in P contradicting the minimality of P. Now as ao-D has finitely many minimal 
primes we conclude that a finite number of minimal primes of / come from C. (b) Suppose then 
that P eM. Since P n 5 = we have P = PDs[X] D D'-^^ ^Qi pp. 426-427]. So P is a minimal 
prime of f{X) if and only if PDs[X] is a minimal prime of f{X)Ds[X]. Since Z)5[X] is pre-Krull, 
f{X) has finitely many minimal primes from M. Combining (a) and (b), we conclude that f{X) 
has finitely many minimal primes. 

(fi) If ao = then f{X) = ^g{X) where g{X) G D^^^ and s e S. Now as f{X) G XDs[X], 
no prime ideal that intersects S nontrivially can be minimal over f{X). So the number of prime 
ideals minimal over f{X) is the same as the number of prime ideals minimal over fDs[X] which is 
finite because Ds\X\ is pre-Krull. 

Combining (i) and (ii) we have the conclusion. 

For the converse suppose that D^^' is pre-Krull. Then, as S" is a multiplicative set in D^^' and as 
Ds[X] = Dg , we conclude that L'5[X] is pre-Krull (Lemma 13. 6p . Now let d be a nonzero nonunit 
of D. We claim that dD has finitely many minimal primes. Suppose on the contrary that dD has 
infinitely many minimal primes: for such a minimal prime Q, we have two cases (i) Q n S" 7^ or 
(ii) Q n 5 = 0. 

In case (i) for every minimal prime Q oidD, QD^ ' = Q+XDs[X] is a minimal prime over dD^ ' . 
But as D^ ' is pre-Krull, there can be only finitely many minimal primes of dD^ ' . Consequently, 
there are only finitely many minimal primes Q of dD with Q n 5 7^ 0. In case (ii) Q H S = 0, then 
QDs is a minimal prime of dDs and so QDs[X] is a minimal prime of dDs[X]. But dDs[X] has 
a finite number of minimal primes, because /^^[X] is pre-Krull, a contradiction. D 

Corollary 3.9. Let D be a domain, S a multiplicative subset of D and X an indeterminate over 
D. If D and Ds[X] are URD's, then D^^^ is a URD if and only i/t-Spec(P>(^)) is treed. 

Proof. By Corollarv 12.121 and Theorem 13.81 D 

Corollary 3.10. Let D be a domain with quotient field K and X an indeterminate over D. Then 
R = D + XK[X] is a URD if and only if D is a URD. 
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Proof. This follows Lemma 13.71 Theorem 13.81 and Corollary 13.91 D 

The following is an example of D and ^^[X] both URD's without D^ ' being a URD. 

Example 3.11. Let V^ be a discrete rank two valuation domain with principal maximal ideal m. 
Set p = P)m" (such that Vp is a DVR). Then R = V + XVp[X] is a non-URD pre-Krull domain 
with V and Vp[X] both URD's. 

We show that t-Spec{R) is not treed. For this we note that the maximal ideal 7ti + X1/^[X] of R 
contains two prime ideals Pi = X1^[X] and P2 = pVp[X] CiR. Both Pi and P2 are t -ideals because 
they are contractions of two t-ideals of ^[^] = Rv\p- Since, in V^[^]' both pl^[X] and XV^[X] 
are distinct principal prime ideals and hence incomparable, Pi and P2 are incomparable. 

Remark 3.12. Example 13.111 shows that if D and -DsfX] are URD's, D^^^ is not in general a URD. 
We next give a partial answer to when the converse is true. 

Recall that a t-prime ideal P of a domain R is well-behaved if PRp is a i-prime of Rp and that 
R is well-behaved if each i-prime of R is well-behaved |38j . Clearly, if P is a well behaved t-prime 
such that P n S" = 0, then PDs is a i-prime. 

Now, suppose that D^ ' is a URD. Since URD's are stable under quotients (Lemma l3.6p . Ds[X] = 

r ex 

Dg is a URD. We know that D is pre-Krull (Theorem 13. Sp . If moreover D is a well behaved 
domain, then t-Spec(D) is treed and so I? is a URD. Indeed, let M E t-Max(D) and let P, Q be 
two t-primes contained in M. If MnS" = 0, as D is well behaved, then MDs is a prime i-ideal and 
so are PDs, QDs C MDs- Since Ds[X] is a URD, Ds is also a URD (Proposition El]). Hence 
PDs, QDs are comparable and so are P and Q. If M n 5 / then M + XDs[X] is a t-ideal by 
Lemma 13.71 Now P -|- XDs[X] and Q + XDs[X] are prime ideals contained in M -|- XDs\X] and 
because w-Spec(P>(^)) is treed (Remark [2l3]^2)) we conclude that P + XDs[X] and Q + XDs[X] 
are comparable. Hence P and Q are comparable. So i-Spec(D) is treed. 

Corollary 3.13. Let D he a PVMD, X an indeterminate over D and S a multiplicative subset of 
D such that P)(^) is a PVMD. Then D^^^i is a URD if and only if D is a URD. 

Proof. Suppose that D^ > is a URD. Since a PVMD is a well behaved domain [38], that D is a URD 
follows from Remark l3.121 Conversely, if Z) is a URD, Ds[X] is a URD by Corollary 13.51 Applying 
Corollary [321 we have that D^^) a URD. D 

We have seen in Proposition 12.211 that a generalized Krull domain D is a URD. Thus if D is a 
generalized Krull domain and D^ ' is a PVMD, then D^ ' is a URD. We now show that if D^ ' is 
a PVMD then it is actually a generalized Krull domain. 

Proposition 3.14. Let D be a generalized Krull domain and let S be a multiplicative set in D 
such that D'''^' is a PVMD. Then D^^> is a generalized Krull domain. 

Proof. Let P be a prime t-ideal of D^^' = D + XDs[X] where D is a generalized Krull domain 
and S is such that D^ ' is a PVMD. Let us assume that D^ ' is not a generalized Krull domain. 
Now every principal ideal of D^-'^' has finitely many minimal primes (Theorem 13. 8p : in fact both 
D and ^^[X] are generalized Krull domains [13^ Theorem 4.1] and a generalized Krull domain 
is pre-Krull [131 Theorem 3.9]. So D^^' not being a generalized Krull domain would require that 
there is a prime i-ideal P such that (P^)* = P. If P n 5 7^ then P = p + XDs[X] = pD'^^^ 
for some i-prime ideal p of D with p n S" 7^ (Lemma 13. 7p . Now P'^ = p^ + XDs[X] and again 
by Lemma [32|(P^)t = (/)t + XDs[X]. Now {p^)t + XDs[X] = p + XDs[X] forces, by degree 
considerations, (j'^)t = p. But p is a prime t-ideal of D which is assumed to be a generalized Krull 
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domain, contradiction. Hence P does not intersect S nontrivially. Next, since D'^'^' is a PVMD 
for every nonzero ideal A of D'^^\ with A n S" = 0, we have {A{D^^^)s)t = At{D''^^)s = AtDs[X]. 
Setting A = P\ we get {P\D^^))s)t = {P^)t{D(^^)s = {P^)tDs[X] = PDs[X]. As P^{D^^^)s = 
{P{D^^'^)sf = {PDs[X]f we have {{PDs[X]f)t = PDs[X]. But as Ds[X] is a generahzed 
Krull domain [131 Theorem 4.1] and PDs[X] a prime t-ideal of Ds[X] this is impossible. Having 
exhausted all the cases we conclude that D^ > is a generalized Krull domain. D 

Since a Krull domain is a (Ribenboim) generalized Krull domain, by Corollary 2.7 of [2] for 
any multiplicative set S of a Krull domain D we have that D^ > is a PVMD. Hence we have the 
following consequence. 

Corollary 3.15. If D is a Krull domain and S is any multiplicative set of D, then D^ ' is a 
generalized Krull domain, and hence a URD. 
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